Based on the Mochizuki-Furukawa model, the cycloidal spin structures of orthorhombic RMnO 3 manganite thin films on various magnetic substrates are simulated using Monte Carlo method. It is revealed that the long range cycloidal spin order can be modulated by the film thickness and substrate spin structure. In particular, the ferromagnetic and antiferromagnetic spin orders of the substrate in different orientations have different pinning effects on the cycloidal spin order of the thin film. The simulated results are discussed in terms of the competition between the single-ion anisotropy and spin-orbit coupling. 8 and MnWO 4 , 9 have been addressed due to the unusual fact that the ferroelectricity is generated by frustrated spin orders. The spin current theory and the inverse Dzyaloshinskii-Moriya (DM) interaction model were proposed in order to understand the underlying microscopic mechanism. [10] [11] [12] It is believed that the spin-orbit coupling for two adjacent spins S i and S j separated by vector r ij can generate a local polarization P ij ! Àr ij Â (S i Â S j ). Thus, a macroscopic ferroelectric (FE) polarization P can be induced because spin-helicity vector h defined as S i Â S j is associated with a ferroic alignment. Taking orthorhombic manganites RMnO 3 as examples, polarization P along the a-axis is induced in the ab-plane cycloidal spin (ab-CS) phase with propagation vector Q along the b-axis, while it is induced along the c-axis in the bc-plane cycloidal spin (bc-CS) phase, as illustrated in Figs. 1(a) and 1(b) . In addition, several theoretical works on the origin for the CS order and magnetoelectric (ME) coupling in RMnO 3 are available. 13, 14 Recently, Mochizuki and Furukawa proposed a classical Heisenberg spin model (M-F model) which includes the superexchange interaction, the single-ion anisotropy (SIA), the DM interaction, and the cubic anisotropy, to study the phase diagrams of RMnO 3 .
Based on the Mochizuki-Furukawa model, the cycloidal spin structures of orthorhombic RMnO 3 manganite thin films on various magnetic substrates are simulated using Monte Carlo method. It is revealed that the long range cycloidal spin order can be modulated by the film thickness and substrate spin structure. In particular, the ferromagnetic and antiferromagnetic spin orders of the substrate in different orientations have different pinning effects on the cycloidal spin order of the thin film. The simulated results are discussed in terms of the competition between the single-ion anisotropy and spin-orbit coupling. Multiferroicity is attracting continuous attentions due to the interesting physics and potential applications. [1] [2] [3] [4] Especially, type-II multiferroics, such as cycloidal magnets, orthorhombic manganites RMnO 3 (R ¼ Tb, Dy, Eu 1Àx Y x , etc.), [5] [6] [7] Ni 3 V 2 O 8 , 8 and MnWO 4 , 9 have been addressed due to the unusual fact that the ferroelectricity is generated by frustrated spin orders. The spin current theory and the inverse Dzyaloshinskii-Moriya (DM) interaction model were proposed in order to understand the underlying microscopic mechanism. [10] [11] [12] It is believed that the spin-orbit coupling for two adjacent spins S i and S j separated by vector r ij can generate a local polarization P ij ! Àr ij Â (S i Â S j ). Thus, a macroscopic ferroelectric (FE) polarization P can be induced because spin-helicity vector h defined as S i Â S j is associated with a ferroic alignment. Taking orthorhombic manganites RMnO 3 as examples, polarization P along the a-axis is induced in the ab-plane cycloidal spin (ab-CS) phase with propagation vector Q along the b-axis, while it is induced along the c-axis in the bc-plane cycloidal spin (bc-CS) phase, as illustrated in Figs. 1(a) and 1(b). In addition, several theoretical works on the origin for the CS order and magnetoelectric (ME) coupling in RMnO 3 are available. 13, 14 Recently, Mochizuki and Furukawa proposed a classical Heisenberg spin model (M-F model) which includes the superexchange interaction, the single-ion anisotropy (SIA), the DM interaction, and the cubic anisotropy, to study the phase diagrams of RMnO 3 .
14 The ab-CS state is stabilized by the SIA and the DM interaction with vectors on the inplane Mn-O-Mn bonds, while the bc-CS state is stabilized by the DM interaction with vectors on the out-of-plane Mn-OMn bonds. The R-site ionic radius mainly controls the lattice distortion which tunes the SIA and the DM interaction, thus in turn determines the competition between the ab-CS phase and bc-CS phase. This leads to the flop of the cycloidal plane from the ab-plane to the bc-plane with decreasing R-ion radius. It has been demonstrated that this model can explain the complicated multiferroic behaviors. [15] [16] [17] [18] [19] [20] While the physics of multiferroics is being progressively understood, researches proceed in related device designs where multiferroic thin films are expected to play an important role. 21, 22 Understanding of the phase competitions in multiferroic thin films certainly becomes interested not only from the point of view of the physics responsible for multiferroic spin orders in this specific geometry, but more for insight in the design of advanced devices. However, so far rare work along this line is available and one of the main issues is that measurement of polarization in those type-II multiferroic thin films remains unsuccessful, while relevant theoretical progress is under the way. In this work, we address the multiferroic behaviors of a model orthorhombic RMnO 3 thin film deposited epitaxially on a substrate by theoretical simulation. For simplicity, we focus on the impact of thin film thickness and substrate magnetic structure, while the lattice mismatch between the substrate and thin films is ignored at this stage. For the magnetic structure of the substrate, we limit our discussion on three types of substrates: (1) without magnetism, (2) of simple ferromagnetic (FM) order, and (3) of antiferromagnetic (AFM) order. In the latter two cases, the spin alignments of the substrate along various orientations (spin moment S s ¼ 2) are fixed as shown in Figs.  1(d)-1(g) , implying that the spin interaction in the substrate is no exception much stronger than that in the thin film so that the bottom layer of the thin film is pinned off.
In our simulation, the M-F model with Mn spin S ¼ 2 on a cuboidal lattice is used.
14 The Hamiltonian can be written as
is the spin exchange interactions with J ab ¼ À0.8 and J b ¼ 0.8 the coupling constants in the Mn-Mn bonds on the ab-plane (Fig. 1(c) ), J c ¼ 1.25 the AFM exchange in the bonds along the c-(z-) axis. Here, the energy unit is meV. The second term is the SIA term
i are the tilted local axes attached to the i-th MnO 6 octahedron.
14 For their direction vectors, we use experimental data of EuMnO 3 for simplicity. 23 The third term H DM denotes the DM interactions The thin film is considered to be a three-dimensional (3D) half-infinite cuboidal lattice, e.g., infinite in the x and y directions, but finite in the z direction. The periodic boundary conditions are applied in the x-and y-axis directions, and the free boundary condition is applied onto the top layer along the z direction. The spins in the bottom layer are coupled with the spins of the substrate. Our simulation is performed on a 36 Â 36 Â L z (unless stated elsewhere, L z ¼ 6 is chosen, and in fact the results for L z > 6 show no much difference) cuboidal lattice using standard Metropolis algorithm and temperature exchange method. 24, 25 Specific heat C(T) ¼ (hH
as a function of temperature (T) are calculated to determine the transition points and spin structure, here N is the number of Mn ions, k B is the Boltzmann constant, and the brackets denote thermal and configuration averaging. It is expected that h c (h a ) has a large value for the ab-CS (bc-CS) order, while all of these three components of h c should be zero in the paramagnetic (PM) phase and sinusoidal collinear antiferromagnetic (sc-AFM) phase. As a comparison, Fig. 2(a) shows the simulated C(T) and h c (T) for bulk case. The C(T) curve shows three peaks, indicating successive three phase transitions with decreasing T. The first one is the transition from the PM phase to the sc-AFM phase at T N . At the second transition point T bc , h a (T) increases, indicating a transition of the sc-AFM phase to the bc-CS phase. When T falls down to the third transition point T ab , h a (T) suddenly drops, accompanied with a steep increase of h c (T), indicating a transition from the bc-CS order to the ab-CS order.
Looking at the simulated data for the thin film on a nonmagnetic substrate (S s ¼ 0) allows an investigation of the effect of the thin film thickness. The simulated results with L z ¼ 6 are shown in Fig. 2(b) . Point T N is slightly lower than that for the bulk case. What is interested is the enhanced T ab , implying that the bc-CS order is suppressed in compensation with the promoted stability of the ab-CS order. This tendency continues upon further decreasing of L z till the bc-CS phase is completely suppressed, leaving the ab-CS phase at low T side.
The disappearance of the bc-CS phase with decreasing thin film thickness is easily understood at the first glance. The DM interaction with vectors on the out-of-plane Mn-OMn bonds stabilizes the bc-CS order. In case of no DM interaction, the angles between the nearest two spins along the c-axis are / c ¼ p, due to the strong AFM coupling 
D/ c with a c the magnitude of the a-component of the DM vectors on the out-of-plane bonds. This energy gain is reduced with the film thickness since the spins on the up and bottom layers lack of this contribution, leading to the destabilization of the bc-CS phase.
On the other hand, the ab-CS order which is mainly stabilized by the SIA, less relevant with the DM interaction with vectors on the in-plane Mn-O-Mn bonds. As a result, the ab-CS phase is enhanced in energy with respect to the bc-CS phase. Both T N and T bc shift seriously downward with decreasing film thickness and as an extreme case with L z ¼ 2, shown in Fig. 2(c) , T bc disappears, leaving only the ab-CS phase at low-T side. What should be mentioned is that upon decreasing film thickness, T ab first increases from the value (T ab0 ) for the bulk case, and then decreases down to T ab0 at L z ¼ 2. This indicates that the sc-AFM order and bc-CS order are strongly suppressed, while the ab-CS order at low T remains quite robust. Because the ab-CS order is mainly determined by the ab-plane spin interaction, the present results are easily understood.
As a summary, we present the simulated phase diagram in the (L z , T) plane of the spin structure in Fig. 2(d) , from which the remarkable film-thickness dependence of the spin structure including the ferroelectric CS order is clearly shown. In fact, similar phenomenon was observed in earlier work in which the spiral spin structure in bulk TbMnO 3 can be intensively suppressed in epitaxially strained thin film form. 26 Subsequently, one comes to look at the impact of the spin structure from the substrate. For a FM substrate with the spins aligning along either the a-axis or c-axis (in-plane or out-of-plane), Figs. 3(a) and 3(b) show the simulated results. It is clearly shown that the ab-CS order and bc-CS order are suppressed completely respectively for the in-plane and outof-plane cases, while the sc-AFM order remains nearly unaffected.
To some extent, the effect of the FM substrate with S s //a (S s //c) is similar to that of the applied magnetic filed B//a (B//c) onto the bottom layer because of the strong AFM coupling J c . Meanwhile, B tends to align the spins in perpendicular to B for a cycloidal spin system. As a result, the bc-CS (ab-CS) order is stabilized in the bottom layer, and in turn be extended to the whole film system to satisfy the energy relation for the case of the FM substrate with S s //a (S s //c). In addition, it is noted that T N for the two cases are almost identical, indicating that the transition from the PM phase to the sc-AFM order is mainly determined by the lattice size of the film.
At last, the effect of the AFM substrate on multiferroic properties is studied. It is indicated that the ab-CS order is enhanced for the case of the AFM substrate with S s //a, as shown in Fig. 3(c) . Being different from the FM substrate, the AFM one with S s //a tends to align the spins of the bottom layer in the ab-plane to satisfy the AFM coupling J c . At the same time, the DM interaction with vectors on the in-plane bonds and the SIA stabilize the ab-CS order. This leads to the flop of the cycloidal plane from the bc-plane to the abplane. On the other hand, the AFM substrate with S s //c may enlarge the T region with the bc-CS order. This argument has been proved in our simulated results, as shown in Fig. 3(d) . The transition from the bc-CS order to the ab-CS order in the pinning system occurs at a much lower T than that in non-pinning system (Fig. 2(b) ), demonstrating that the ab-CS order is extensively suppressed for this case.
Up to now, there is an urgent need in studying multiferroic film to develop a better understanding of the evolution of ME properties in the special geometries. In this work, the multiferroic properties in orthorhombic manganites film are studied based on the M-F model. It is demonstrated that the long range cycloidal orders can be significantly modulated by the film thickness and substrate spin structure. In addition, our simulation indicates that the magnetic substrate may have a significantly pinning effect on the multiferroic behaviors in film systems. The simulated results are discussed from the energy landscape in details. Our simulation is helpful to understand the phase competitions, and provides useful information for practical applications of RMnO 3 film. Of course, the prediction given here deserves to be checked in further experiments. 
